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Nonlinear Control Law for Aerial Towed Target

Alexander S. Bourmistrov, Robin D. Hill, and Paul Riseborough
Royal Melbourne Institute of Technology, Melbourne, Victoria 3001, Australia

The control law for a maneuverable towed target is derived using inversion of nonlinear dynamic and kinematic
equations of motion that take the cable tension force into account. Dynamic properties of the states allowed for
construction of lower order subsystems with different time scales for their variables. These faster and slower
parts were inverted consecutively to control flight-path angles of the towed vehicle. A procedure is described for
estimation of the aerodynamic and tension forces acting on the target and states unavailable for direct measurements
from a conventional set of feedback parameters. Guidance and station-keeping properties of the control law are
demonstrated by simulation results.

Nomenclature 14 = target velocity
Cxpypzp = target body-fixed coordinate system x,¥,2 = inertial coordinates of the center of mass of the
I, 1,, I, = moments of inertia about body axis target 1
L, DY = acrodynamic lift, drag, and side force on the target o = angle of attack, 'taIH (w/u)
l,, mg,n, = aerodynamic rolling, pitching, and yawing moment B = sideslip angle, sin™ (v/ V)
M = target mass 84.8g,8g = ailerons, elevator, and rudder deflection angles
Oxyz = local vertical inertial coordinate system with origin $,0,¢ = Euler angles _ ‘
at the center of mass of the target trimmed with XY = horizontal and vertical flight-path angles
controls locked
p.q.r = body axis r911, pitch, and yaw rate Subscripts
= aerodynarmic pressure
= body axis components of cable tension force c = commanded
= body axis velocity components d = desired
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Introduction

MANEUVERABLE aerial towed target capable of evaluating

a set of prescribed maneuvers is effective in a number of en-
gineering applications. The guidance control system of the target
is considered to be functioning independently of the tow aircraft
except for the cable constraints.

Reference 1 presents the design of a control system for a towed
vehicle that combines autopilots for stability augmentation, trans-
ferring the vehicle from one trim position into another and station
keeping. The suggested guidance algorithm assumes availability
of tables of a priori estimates for required control surface deflec-
tions at a particular trim point. The classical approach of Ref. 1 has
been successfully flight tested. However, linearizing assumptions
and neglect of the cable tension force restrict the flight envelope of
the towed system and may result in reduced performance in rapid
maneuvering of the target.

The design of the control law in this paper is based on a nonlinear
inversion (NI) technique that follows from general decoupling the-
ory applied over recent years to a class of nonlinear systems.>~* The
fact that the control vector can be extracted from the basic nonlinear
system representation allows for derivation of control laws simply by
inverting the system dynamic and kinematic equations of motion. A
six degree-of-freedom model of the towed target that takes the cable
tension force and spatial dependence into account was employed to
synthesize the autonomous control system for generation and track-
ing of the three-dimensional trajectories. The different time scale
properties of the states allowed for order reduction of the basic non-
linear system. A dramatic effect of this technique was recognized-in
feedback control design for nonlinear systems.”~” Reference 6 gives
examples of feedback control laws and stability analysis for a class
of nonlinear systems with different time scales for the state variables.
References 5 and 7 present the control designs for an aircraft that
were developed using the inversion of the dynamic and kinematic
equations of motion. These designs demonstrate significant perfor-
mance improvements over conventional control systems and enable
controllable flight in highly nonlinear regions of the flight envelope.

To simulate six degree-of-freedom motion of the towed system, a
discrete model of the cable, referred to as a point mass model, was
developed assuming the cable to be flexible and inextensible. Ref-
erences 1 and 8-10 discuss different approaches to mathematical
modeling of the tow cable. The cable model governing differen-
tial equations and the boundary conditions, which were used in this
study, were solved using the variable step Kutta—Merson integra-
tion routine for simulation of the towed system motion. The towed
system configuration and dynamic properties of the developed point-
mass model in the considered flight regimes were compared with
computationally expensive cable simulators'!!2 and showed satis-
factory performance matching. The results of the closed-loop simu-
lation with the NI control laws developed in this paper are presented.

For the purposes of this paper the towing aircraft was assumed

Fig.1 Vector geometry in a) horizontal and b) vertical planes.

and can be easily seen by examining the basic rigid-body moment
equations. Secondly, the presence of the cable tension force couples
the motion of the towed body in horizontal and vertical directions.
The target attitude, as well as the position of its center of mass rel-
ative to the aircraft, determines the magnitude and orientation of
the tension force and thus necessitates inclusion of spatial depen-
dence into the system dynamics. Finally, due to vehicle symmetry
and the distribution of the cable-target system forces, side motion
is affected by sideslip angle to an even larger extent than vertical
motion by changing angle of attack.

A schematic configuration of the towed target and the vector ge-
ometry adopted is shown in Figs. 1a and 1b for horizontal and verti-
cal planes, respectively. Available aerodynamic controls are forward
canards for pitch and yaw control and ailerons for roll control. The
tension force of the tow cable is represented by its body axis com-
ponents. The target’s six degree-of-freedom equations of motion
used to derive the nonlinear control law are given next. These are
12 first-order, nonlinear, differential equations:

to be in straight and level flight with a constant speed. With this P 0 L
assumption, it was found convenient to place the origin of the inertial S| _ . B
reference frame at the center of mass of the towed target trimmed q =| Ge= L/l pr 4+ ma (1-3)
with aerodynamic controls locked. r (L = L)1 - pq Ra
g sina 0 —cosa P X Cosy
a | =| —tanfcosa 1 ~—tanBsina qg |+ | —ysecB (4-6)
é 1 0 0 r 0
1% (=D + T,cosasinf + T, cos fcosa + T, cos Bsina)/M — gsiny
x | = secy(Y + Tycos B — T, sin Bcosa — T, sin Bsina)/(MV) (7-9)
y (L +T;sina — Tysinasing — T,cosa)/(MV) —gcosy/V
Towed Target Model x V cosy cos x

The following aspects were accounted for in the choice of equa-
tions and analysis of the target dynamics. Firstly, the geometry of the
vehicle results in a moment of inertia about the x; body axis much
smaller than that about the yj, and z;, body axes. This fact makes the
coupling between the lateral and longitudinal equations significant

y V cosy sin x (10-12)
z Vsiny

The states p, g, and r are governed by Eqgs. (1-3), which are

derived from the Euler equations. They assume symmetry of the
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Fig.2 Block diagram of the feedback state estimation procedure.

target about the x;z, and x;,y, planes (i.e., inertia products are zero)
and attachment of the cable to the center of gravity of the target;
hence, no angular moment from the cable is produced.

Equations (4-6) govern the angles 8, «, and ¢. The first two
equations are obtained® by resolving forces into the body axis di-
rections to give i, v, and w, which are related to & and g through the
relationships & = tan™!(w/u) and 8 = sin”!(v/ V). Equation (6) is
one of the simplified kinematic equations that connect components
of the angular velocity in the inertial axis and body axis systems.

Equations (7-9) govern the magnitude and direction of the veloc-
ity vector. They are derived by considering the target as a point mass
and resolving all of the forces acting on the target into three direc-
tions. The component in the direction of the velocity vector gives
MYV, the component in the upward-pointing normal to V within
the vertical plane gives M Vy and the horizontal normal to V gives
MV x cosy.

Equations (4-9) are given for zero bank angle. It will be shown
that this simplification is reasonable for target maneuvering motion
when zero roll angle is commanded, as the ailerons can track this
command very effectively. Equations (10-12) constitute the relation
of the displacement of the target center of mass in the inertial refer-
ence frame with the magnitude and direction of the velocity vector.
These are used to generate three-dimensional trajectories for the
towed target.

Feedback State Estimator

Most of the variables included in the state vector are not avail-
able directly from measurements. However, their estimates can be
obtained from a conventional feedback set. The measurable parame-
ters assumed are body axis linear accelerations #, v, w, angular rates
p. q,r,andthe Euler angles ¢, 8, ¥, which specify orientation of the
body axis system with respect to the inertial axis system. The right-
hand sides of Egs. (7-9) include aerodynamic forces and body axes
components of the tension force. It is assumed that the cable attach-
ment device is able to rotate freely around the longitudinal axis of the
target with the cable attached through a gimbal joint to the target’s
center of mass. With such design the tension magnitude and its ori-
entation relative to the target body axis could be measured by means
of a strain gauge and two potentiometers. A procedure that was used
in simulation for estimation of the forces acting on the target and
states unavailable through direct measurements is described later.
Body axis velocity components u, v, w, obtained by integrating the
measurable accelerations, were used to estimate the target velocity
magnitude, sideslip angle, and angle of attack. These angle estimates
together with Euler angles give horizontal and vertical flight-path
angles through the geometric relations shown in Fig. 1. It should
be mentioned that high sensitivity of the estimates to integration
and accelerometer errors permits use of this procedure only within
relgtively small operational time intervals. Otherwise, a method of
periodical correction of the velocity components should be provided.

Aerodynamic forces D, Y, and L are assumed to be functions
of the states V, @, and B and of the vector of control deflections

u = [84, 8, 8z17. The commanded values of the controls are used
inthe estimation procedure. The actuator time constants of the towed
vehicle are assumed to be small enough not to cause any significant
performance degradation; thus actuator dynamics are neglected in
obtaining the estimates of the forces. In some other investigations
into nonlinear flight control design, such as Ref. 13, for example,
actuator state equations are taken into account in the design of the
control law.

Well-known equations of motion of an aerial rigid body were
employed to obtain the body axis components of the tension force
T;, T,, and T,. The block diagram of the complete estimation pro-
cedure is shown in Fig. 2.

The vector of the estimated forces Z is used as an input parameter
vector for the control system synthesized to guide the target motion.

Feedback Control Law for Towed Target

The system of Egs. (1-12) can be written in a general form as
follows:

x=F(x,u (13
where
X1 (r.q, n? 8a
T
v X2 _ (/3,05, ¢)T , u=1 90¢ (14)
X3 V. x.v) or
X4 (x! ¥ Z)T

Equation (13) can be stated explicitly only if the model of the tow
cable and the aerodynamic model (either functional or table lookup)
of the target are provided to determine aerodynamic and tension
force contributions.

The general decoupling theory was developed for nonlinear, time-
variable parameter systems>~* where the number of independently
controlled outputs is not larger than the dimension of the available
control vector. Thus, direct application of the method to the towed
target control design is not possible because the number of aerody-
namic controls is not sufficient to decouple and control six degree-
of-freedom motion of the target. To circumvent this difficulty in
other applications researchers have used the two-time-scale proper-
ties of the dynamic states for decomposition of the basic nonlinear
system into separate lower order subsystems in feedback control
designs.>~7 The simulation results presented here show that there is
a significant difference in the time scales between the fast and slow
states in the model of the target, and thus the use of this approach
can be justified.

For the design in this paper, the fast dynamics correspond to the
states p, q, and r, which are controlled by aileron, rudder, and eleva-
tor inputs. Desired moments are calculated based on the rigid-body
moment equations of motion. Body attitudes relative to the airflow
are then controlled with the three angular rate commands. These
state variables represent slow dynamics for this design. Desired an-
gular rates are calculated based on kinematic equations to control
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roll angle, sideslip angle, and angle of attack. The target velocity
vector direction, i.e., heading and flight-path angles, is controlled us-
ing target attitude commands. Desired attitude of the target relative
to the airflow is calculated based on point mass equations of motion.

The major assumption made in derivation of the control law for
the slower states is that the transients of the faster states decay to
their commanded values quickly enough to have a negligible effect
on the slower states.

With this selection of state variables and their separation into
fast and slow, the target dynamics can be represented as shown in
Fig. 3. Dynamic blocks are written in a form convenient for direct
application of the inversion. The matrices g; and h; are nonlinear
functions of the states provided either through direct feedback or
by a feedback state estimator. The form of the matrices is discussed
further later.

Employing the linear aerodynamic model of the target used in
Ref. 1, Egs. (1-3) can be written as

X=g1(x)+hx) u (15)
where
GsiCi,[(2V1L)p
g = | (I, = L)/ L,pr + §Sc/I,(Cpaat + ¢/2V)Cmyeq)
(I: — L)/ I,pq + GSc/L,(CupB + ¢/ (2V)Cpyr)
GSbCis, [ I 0 0
hi(x) = 0 GScCusy [ 1 0
0 0 GScCusy [ 1.

More sophisticated models can be used to describe aerodynamics
of the vehicle. Reference 4 discusses application of bicubic spline
interpolation over the nonlinear space of actual aerodynamic data
in the feedback control law. As a next step, Eq. (15) is inverted
to yield the control vector u necessary to produce desired angular
accelerations, which are specified in this design by the following
feedback dynamics:

X1 = Bylxic — x1} (16)

where x, is the vector of measured roll, pitch, and yaw rates provided
by feedback, and B, = diag(b,,, b,, b,) is the inner loop bandwidth
matrix.

Finally the control law for the fast states p, ¢, and r can be written
in the form (17):

u=h7' @ — g ()] Qa7
A necessary and sufficient condition for the existence of the control
law (17) is nonsingularity of the matrix &, (x) over the entire domain
of the state variables.
The control law for the slow states «, 8, and ¢ was derived by ma-
nipulating the kinematic equations (4-6) and point mass equations
of motion (7-9). We can write Eqgs. (4-6) as

X3 = ha(x) - x1 + g2(x, 2) (18)
where
sina 0 —cosa
hy(x) =| —tanfBcosa 1 —tanpfsina
1 0 0
g(x,2)

(Y + Tycos B — T, cosasin B — T, sinasin )/ (MV)
—(L —Mgcosy + T, sina — T, cosa)/(MYV cos )

0
Inversion of Eq. (18) yields the control vector required to control
the target’s desired attitude rates:

Xie = hy ' ()2 — g2 (x, )] (19)

TOWING AIRCRAFT TOW CABLE
DYNAMICS MODEL

=T Ty B

u i X1 X2 X3 [ X4
'—‘-If1=91*h1“ X2=92“'*3= 93+h3X2X4=f(X3)

Fig.3 Block diagram of the towed system dynamics.

Matrix h,(x) is right invertible for all 8 and all ¢ # +n/2. The
vector of desired rates of the target attitudes is specified as

X24 = Ba[xae — %3] (20)

The vector x; in Eq. (20) is a combination of direct feedback mea-
surement and estimates of the target attitude relative to the airflow,
B, = diag(bg, by, by) is the center loop bandwidth matrix.

Finally, to derive the control law for the vertical and horizon-
tal flight-path angles, Eqgs. (8) and (9) were employed. Using the
small-angle approximations for the sine and cosine of « and 8,
and neglecting their products, these equations can be written in the
following form:

[ﬂ =h3(x,z>[5] +85(x, ) @1
where

[T

ha(x, ) = MYV cosy ’
77
R

ga(x.3) = MVcosZ .
h—fg/—cosy+ MVZ

In fact, Eq. (21) is a combination of two independent equations,
which can be inverted separately. The form of Eq. (21) was retained
to fit into the general structure of the method. Desired rates of the
flight-path angles are specified by linear feedback dynamics:

HEbe @
Y 4 Ye ™V

where x. and y, are commanded flight-path angles produced by
the maneuver generator, x and y are estimates of the states, and
B = diag(by, b, ) is outer loop bandwidth matrix.

The target considered is a vehicle of skid-to-turn type, using direct
side force to turn with an X-configuration lifting surface geometry.
To maximize the use of all four lifting surfaces for pitch and yaw con-
trol, the flight with constant roll angle ¢, = 0 deg was commanded
for all maneuvers considered in this study. Inverting Eq. (21) and
using the zero roll angle command, the control vector that provides
desired rates for the flight-path angles can be expressed as follows:

i s X .
h31(X,Z)'{|:yi|d_g3(x»Z)} 23)

¢ 0

X2 = [¢1

Singularity of A;(x, zZ) can be prevented by establishing a lower
bound on the T, tension component. This bound has to be a positive
constant (follows from physics of the system) with value dependent
on the mass and aerodynamic drag of the target and the tow cable.
The block diagram of the complete control law is given in Fig. 4.

Simulation Results
For simulation purposes the geometry, mass, and aerodynamic
parameters of the target were taken from Ref. 1 and represent
the TRX-12 maneuverable towed vehicle developed by Hayes
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Fig. 4 Block diagram of nonlinear control law.

Table 1 Towed target and tow
cable parameters

Parameter Value
Mass M, kg 31
Reference area S, m? 0.0324
Reference length ¢, m 0.203
Wing span b*, m 0.75
Inertia moments

I, kg m? 1.2558

I, = I, kg m? 10.563
Crg = —Cyg 51.57
Cina = —Cyg ~70.69
Cimg = Cyr —1173.87
Crsp = Cysy 5.66
Cmsp = Cnsy 37.48
Cip —160.61
Cisy 15.2
C D()' 0.4
Cable drag coefficients:

Skin friction (tangential) 0.01

Crossflow (normal) 0.5
Cable mass per unit length, kg/m 0.03

4 Assumed parameters.

International Targets. These parameters and cable-dependent data
are given in Table 1. '

The space envelope behind the aircraft where the towed system
can be trimmed with zero roll angle, assuming that available elevator
and rudder deflections are limited by +20 deg, is shown in Fig. §
for a towing speed of 100 m/s and cable lengths of 0.5 and 1 km.

In this study, the trajectories to be followed by the target were
selected inside the boundary area depicted in Fig. 5, and thus the
problem of command control limiting is not discussed here.

The effect of the feedback gain values on the closed-loop sys-
tem’s tracking performance and level of control activity was studied
by simulating a rapid maneuver of the towed target. As expected,
increasing feedback gains in all three loops leads to better tracking.
Unacceptably low performance was observed when the outer loop
gains b, and b, were below 3.0 s~*, The level of control activity
required increases with an increase of the elements of the B, and
B; gain matrices of the center and the outer loops (slow dynamics).
However, an increase of the gains of the inner loop (fast dynamics)
leads to a lower level of control activity. A numerical instability in
the simulation occurred when the elements of the B; matrix were in
the region below 1.5 s~!, To obtain satisfactory tracking in both hor-
izontal and vertical directions, greater values of gains are required
for the channels corresponding to longitudinal states than those cor-
responding to lateral states.

To compromise between tracking performance and control expen-
diture, the following values of the gains were selected for further
simulations: B, = diag(4.0, 6.0, 3.5), B, = diag(5,7.5, 4), and
B; = diag(3.5, 5).

Guidance and Station Keeping

The NI control law’s maneuvering properties were compared with
those of the guidance algorithm suggested in Ref. 1. Any trajec-

100 |
50 b

I
i

I
ol N
| N

Z
/
)
s

,“5‘_
g
?

Fig.5 Space envelope behind the aircraft where the towed system can
be trimmed.

tory of the target (with restrictions from the cable in mind) can
be described by means of the required displacements in the Oxyz
reference frame with its origin in the trim position of the target’s
center of mass with controls locked. Horizontal displacement of
the target in the positive y direction by 100 m in 10 s is consid-
ered here as example of a lateral maneuver. For the NI control law
the trajectory is generated simply by specifying coordinates of the
required new position of the target’s center of mass. Figures 6a
and 6b show time histories of a priori estimated elevator and rud-
der deflections generated by the algorithm! and produced by the
NI control law. The navigation quality of the NI control law (ob-
tained using extensive feedback and an increased computational
load) is illustrated, in Figs. 6¢ and 6a, by the time histories of the
target’s coordinates y and z in accomplishing the maneuver. As use
of a station-keeping autopilot is assumed in Ref. 1, the trajectory
obtained with the guidance algorithm only (dotted lines) may not
serve for a complete performance comparison. It can be seen that
the NI control system performs a station-keeping function as the
cable continues oscillating after the target has reached the required
position:

A spiral of radius R around the trim position is considered
as an example of three-dimensional trajectory to be flown by the
target. Time dependence of the center of mass coordinates for the
stable motion along this trajectory can be approximately described
as follows:

y(t) = Rcos(ty + wt)

. (24)
z(t) = Rsin(fp + wt)
where w is rotation frequency, and ¢, is initial time of stable
rotation.

From differentiation of Eq. (24) it follows that linear velocities y,
and z4, which should be produced by the target to track the spiral, are
also sinusoidal functions with amplitude proportional to the product
of the radius R and frequency w.

For the straight level flight of the towing aircraft (which was
assumed in this study) the relation between displacement of the
target center of mass in the Oxyz reference frame and magnitude
and direction of the velocity vector can be obtained using Egs. (11)
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Fig. 7 Towed target trajectory (solid line) in tracking a commanded
spiral (R = 50 m and w = 0.1 Hz) (dotted line).

and (12). Simplified by small-angle approximations these relations
become
y=Vy =V, 25)

Now using Eq. (25) the commanded flight-path angles necessary to
track the desired trajectory can be determined by

Ye=(a/V); Xe = (2a/ V) (26)

Equations (26) were employed to generate three-dimensional ma-
neuvers to be flown by the target.
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It should be mentioned that trajectories where, at any point,
both T, and T, body axis components of the tension force are
simultaneously approaching zero (or a predetermined small quan-
tity) should be avoided, as it results in the tow cable aligning itself
with the target longitudinal axis and disturbs the motion of the target.

Figure 7 shows the trajectory produced by the target (solid line)
with NI control law tracking a commanded spiral of radius R =
50 m and rotation frequency @ = 0.1 Hz (dotted line). The spiral
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is generated after the target is guided into the point 50 m above its
trim position in 5 s.

Generated command signals and tracking properties of the NI
control laws, with the feedback gains as defined previously, are illus-
trated in Figs. 810 for inner, center, and outer loops, respectively.
Figure 11 shows time histories of elevator and rudder commands
produced by the NI control law to track the trajectory of spiral form.

The behavior of the fast and slow dynamic variables (Figs. 8 and 9,
respectively) in tracking of the commanded signals validates the
system decomposition into the faster and slower modes. Figure 9¢
shows that the roll angle remains within 0.3 deg along the trajectory
and thus conforms to the assumption made in obtaining Egs. (4-9).

Time histories of the horizontal and vertical flight-path angles are
shown in Figs. 10a and 10b, respectively (solid lines). Commanded
signals produced by the maneuver generator are plotted in dashed
lines.

Simulation results have shown that distribution of the forces de-
termines different levels of control effort required to move the towed
system in the vertical direction than for horizontal motion. This fact
is illustrated well in Fig. 11 for the trajectory of spiral form.

Conclusions

The design of a control system that enables an aerial towed body
to follow trajectories involving rapid maneuvering is a difficult and
inherently nonlinear problem. To solve it, a control system design
technique based on inversion of nonlinear dynamic and kinematic
equations of motion has been applied. The cable tension force has
been taken into account. A conventional set of feedback parameters
was assumed, and the procedure used for estimatjon of the aerody-
namic and tension forces acting on the target and states unavailable
directly by measurement has been described.

The developed control law provides guidance in rapid three-
dimensional maneuvers of the target and performs a station-keeping
function when steady positioning is required.

Although a linear aerodynamic model of the target was used in
this design, the nonlinear inversion method is able to make use of
nonlinear aerodynamic data.
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